In the present article we have obtained new set of exact solutions of Einstein field equations for anisotropic fluid spheres by using the Herrera et al.
Introduction
The first ever exact solution of Einstein's field equation for a compact object in static equilibrium was obtained by Schwarzschild in 1916. The static isotropic and anisotropic exact solutions describing stellar-type configurations have continuously attracted the interest of physicists Herrera et al. [1, 41] . Tolman [2] has proposed an easy way to solve Einstein's field equations by introducing an additional equation necessary to give a determinate problem in the form of some ad hoc relation between the components of metric tensor. According to this methodology, Tolman [2] has obtained eight solutions of the field equations, and his important approach still continues in obtaining the exact interior solutions of the gravitational field equations for fluid spheres. Buchdahl [3] proposed a famous bound on the mass radius ratio of relativistic fluid spheres is 2GM/c 2 r ≤ 8/9, which is an important contribution in order to study the stability of the fluid spheres. Also Ivanov [4] has given the upper bound of the red shift for realistic anisotropic star models which cannot be exceed the values 3.842 provided the tangential pressure satisfies a strong energy condition (ρ ≥ p r + 2p t ) and when the tangential pressure satisfies the dominated energy condition (ρ ≥ p t ). Buchdahl [3] has also obtained a non-singular exact solution by choosing a particular choice of the mean density inside the star.
The theoretical investigations of realistic fluid models indicate that stellar matter may be anisotropic at least in certain density ranges (ρ > 10 15 gm/cm 3 ) (Ruderman [5] and Canuto [6] ) and radial pressure may not be equal to the tangential pressure of stellar structure. The existence of a solid core due to presence of the anisotropy in the pressure was thought of by type-3A superfluid (Kippenhahm and Weigert [7] ), different form of phase transitions (Sokolov [8] ) or by others physical phenomena. On the scale of galaxies, Binney and Tremaine [9] have considered anisotropies in spherical galaxies, from a purely Newtonian point of view. The mixture of two gases (e.g. ionized hydrogen and electrons or monatomic hydrogen) can be described formally as an anisotropic fluid (Letelier [10] and Bayin [11] ).The importance of equations of state for relativistic anisotropic fluid spheres have been investigated by generalizing the equation of hydrostatic equilibrium to include the effects of anisotropy (Bowers and Liang [12] ). Their study shows that anisotropy may have non-negligible effects on parameters such as maximum equilibrium mass and surface red-shift. The relativistic anisotropic neutron star models at high densities by means of several simple assumptions showed that there is no limiting mass of neutron stars for arbitrary large anisotropy which is studied by Heintzmann and Hillebrandt [13] . However maximum mass of a neutron star still lies beyond 3-4 M Θ . Also the solutions for an anisotropic fluid sphere with uniform density and variable density are studied by Maharaj and Maartens [14] and Gokhroo and Mehra [15] , respectively. Most the astronomical objects have variable density. Therefore, interior solutions of anisotropic fluid spheres with variable density are more realistic physically.
Many workers have obtained different exact solutions for isotropic and anisotropic fluid spheres in different contexts (Delgaty and Lake [16] , Dev and Gleiser [17] , Komathiraj and Maharaj [18] , Thirukkanesh and Ragel [19] , Sunzu et al. [20] , Harko and Mak [21] , Mak and Harko [22] , Chaisi and Maharaj [23] , Maurya and Gupta [24, 25, 26] , Feroze and Siddiqui [27] , Pant et al. [28, 29, 30] , Bhara et al. [31] , Monowar et al. [32] , Kalam et al. [33] , Consenza et al. [34] , Krori [35] , Singh et al. [36] , Patel and Mehta [37] , Malaver [38, 39] , Escupli et al. [40] , Herrera and Santos [41, 42] , Herrera et al. [43, 44] ).
The present paper consists nine sections, Section 1 contains introduction; Section 2 contains metric, its components and the field equations. Section 3 embodies the solutions of anisotropic fluid spheres in different contexts. Section 4 contains the expressions for density and pressure are mentioned for each fluid sphere.Section 5 consists the various physical conditions to be satisfied by the anisotropic fluid spheres. The analytical behavior of the solutions under the physical conditions (mentioned in Section 5) are mentioned in the section 6. Section 7 describes the evaluation of arbitrary constants involved in the fluid solutions by means of the smooth joining of Schwarzschild metric at the pressure free interface r = a. The stability of models is proposed in the section 8 and finally section 9 includes the physical analysis of the solutions so obtained along with the concluding remarks.
Metric, components and Field equations
The line element of static spherical symmetric space time in the curvature coordinates x i = (t, r, χ, ξ) can be furnished as below,
Einstein's field equations given as
where, κ = 8πG c 4 . The components of the energy momentum tensor for spherically symmetric anisotropic fluid distribution is postulated in the form:
where v i is four-velocity Bv i = δ i 0 , χ i is the unit space like vector in the direction of radial vector, χ i = √ Bδ i 1 , ρ is the energy density, p r is the pressure in direction of χ i (normal pressure) and p t is the pressure orthogonal to χ i (transversal or tangential pressure). Suppose radial pressure is not equal to the tangential pressure i.e. p r = p t , otherwise if radial pressure is equal to transverse pressure i.e. p r = p t , it corresponds to isotropic or perfect fluid distribution. Let the measure of anisotropy ∆ = κ(p t − p r ) ,which is called the anisotropy factor (Herrera and Ponce de Leon [45] ). The term 2(p t − p r )/r appears in the conservation equations T i j;i = 0 (where, semi colon denotes the covariant derivative) which is representing a force due to anisotropic nature of the fluid. When p t > p r , then the direction of force to be outward direction and inward when p t < p r . However, if p t > p r , then the force allows the construction of more compact object when using anisotropic fluid than when using isotropic fluid (Gokhroo and Mehra [15] ).
In view of metric (2.1), the Einstein field equations (2.2) give 8πG
where "dash" denote the derivative with respect to r.
Classes of solutions
The field Eq. (2.5) has two dependent variables B(r) and ψ(r), therefore Eq. (2.5) can admit infinity many solutions for different choices of B(r) and ψ(r) but all these solutions may or may not satisfy the physical conditions for the fluid spheres. for a given B(r), the Eq. (2.5) reduces to first order ordinary differential equation in ψ(r). For its physically valid solution we will have to choose the metric potential B(r) such that B(0) is non zero positive finite. This is a sufficient condition for a static fluid sphere to be regular at the centre. Let us take B(r) of the form Herrera et al [1] have proposed an algorithm for all possible spherically symmetric anisotropic solutions of Einstein field equations. By using the Herrera et al [1] algorithm, the equations (2.5) reduces in the form as:
and
On integrating (3.3a), we can obtain ψ as: and
which further supply
. The Eq. (3.4a) and Eq. (3.4b) give the following solutions:
where
where h = (−81 + 130φ + 36φ
4 Expressions for energy density, pressures for different values of n
where,Ēi(2
(4.3c)
Reality and Physical (well behaved) conditions for anisotropic solutions
The physically meaningful anisotropic solution for the Einstein's field equations must satisfy some physical conditions (Mak and Harko [20] , and Maurya and Gupta [22] ):
(i) The solution should be free from physical and geometrical singularities i.e. pressure and energy density should be finite at the centre and metric potential B(r) and ψ(r) have non zero positive values.
(ii) The radial pressure p r must be vanishing but the tangential pressure p t may not vanish at the boundary r = r a of the fluid sphere. However, the radial pressure is equal to the tangential pressure at the centre of the fluid sphere.
(iii) The density ρ and radial pressure p r and tangential pressure p t should be positive inside the star.
(iv) (dp r /dr) r=0 = 0 and (d 2 p r /dr 2 ) r=0 < 0 so that the pressure gradient dp r /dr is negative for 0 ≤ r ≤ r a .
(v) (dp t /dr) r=0 = 0 and (d 2 p t /dr 2 ) r=0 < 0 so that the pressure gradient dp t /dr is negative for 0 ≤ r ≤ r a .
(vi) (dρ/dr) r=0 = 0 and (d 2 ρ/dr 2 ) r=0 < 0 so that the density gradient dρ/dr is negative for 0 ≤ r ≤ r a .
Conditions (iv)-(vi)
imply that pressure and density should be maximum at the centre and monotonically decreasing towards the surface.
(vii) Inside fluid ball the speed of sound should be less than that of light i.e. 0 ≤ dp r c 2 dρ < 1, 0 ≤ dp t c 2 dρ < 1
In addition the velocity of sound monotonically decreasing away from the centre, the velocity of sound is increasing with the increase of density i.e. > 0 for 0 ≤ r ≤ r a . In this contexts it is worth mentioning that the equation of state at ultrahigh distribution has the property that the speed of sound is decreasing outwards (Canuto [30] ).
(viii) A physically reasonable energy-momentum tensor has to obey the energy conditions ρ ≥ p r + 2p t (strong energy condition) and ρ + p r + 2p t ≥ 0.
(ix) The red shift at center Z 0 and at surface Z a should be positive, finite and both bounded.
(x) The anisotropy factor ∆ should be zero at the center and must be increasing towards the surface.
6 Physical properties of the new solutions
The expression for pressures and density at the centre are as:
The pressure and density should be non zero positive at the centre and consequently A satisfy the following inequality:
(6.3a)
The ratio of pressure-density should be positive and less than 1 at the centre i.e. p0 ρ0c 2 ≤ 1 which gives the following inequality,
By Eq. (6.4a), we get
Using the Eqs. (6.3a) and (6.5a), A satisfies the following inequality:
Differentiating (4.2a) with respect to r, we get an expression for the pressure gradient: 8πG c 4 dp r dr = 2c 2 0 r Ae
Thus it is found that extremum of p r occurs at the centre i.e. is maximum at the centre and monotonically decreasing. Differentiating (4.3a) with respect to r, we get 8πG c 4 dp t dr = 2c 2 0 r Ae
Which suggest that the extremum value of p t occurs at the centre i.e.
Under the condition (6.6a), the expression of right hand side of Eq. (6.11a) is negative for all values of A and ∆ 0 . This shows that the tangential pressure (p t ) is maximum at the centre and monotonically decreasing. Now differentiating equation (4.1a) with respect to r , we get 8πG
The extremum of ρ occur at the centre i.e. Thus, the expression of right hand side of (6.12a) is negative. This shows that the density ρ is maximum at the centre and monotonically decreasing towards the pressure free interface. The square of adiabatic sound speed at the centre, 1 c 2 dp dρ r=0
, is given by 1 c 2 dp r dρ r=0 = (10 − A)e 2 + 6Ēi(2) + 30Ei(2) + ∆ 0 [2Ei(2) +Ēi (2)] (5A + 10∆ 0 )e 2 + Ei(2)(30 + 5∆ 0 ) +Ēi(2)(18 + 5∆ 0 ) ,
(5A + 10∆ 0 )e 2 + Ei(2)(30 + 5∆ 0 ) +Ēi(2)(−18 + 5∆ 0 ) .
The causality condition is obeyed at the centre for all values of constants under the condition (6.6a) i.e. radial and tangential velocity of sound are monotonically decreasing and less than 1.
The central values of pressure and density are given by The central values of pressure and density should be non zero positive and finite, then A satisfies the following conditions::
Subjecting the condition that positive value of ratio of pressure-density and should be less than 1 at the centre i.e. p0 ρ0c 2 ≤ 1 which leads to the following inequality,
By the inequality (6.4b), we get
By the inequalities (6.3b) and (6.5b), A satisfies the inequality
Differentiating Eq. (4.2b) with respect to r, we get 8πG c 4 dp r dr = 2c
Thus it is found that extremum value of p r occur at the centre i.e. Thus the expression of right hand side of the Eq. (6.8b) is negative for all values of constants A and ∆ 0 satisfying condition (6.6b) and it is showing that the pressure (p r ) is maximum at the centre and monotonically decreasing. Differentiating Eq. (4.3b) with respect to r, we get 8πG c 4 dp t dr = 2c
Thus it is found that the extremum value of p t occurs at the centre i.e. Thus the expression of right hand side of the Eq. (6.10b) is also negative for all values of A and ∆ 0 satisfying condition (6.6b ). This behavior shows that transversal pressure (p t ) is maximum at the centre and monotonically decreasing. Now differentiating equation (4.1b) with respect to r, the expression of density gradient as:
where, S = (32 + 86φ + 10φ 2 − 176φ 3 − 312φ 4 + 90φ 5 + 273φ 6 ). Thus the extremum value of ρ occurs at the centre i.e. The right hand side of Eq. (6.12b) is showing positive due to the inequality (6.6b), and this condition gives that the energy density ρ is minimum at centre and monotonically increasing. and the square of its adiabatic sound speed at the centre, 1 c 2 dp dρ r=0
, is given by 1 c 2 dp r dρ r=0 = 1 c 2 dp
The causality condition is negative at the centre for all values of constants satisfying condition (6.6b). Due to increasing nature of energy density, the solution is not well behaved for n = −2. Subject to the condition that the ratio of pressure-density is positive and less than 1 at the centre i.e. By using the Eqs. (6.3c) and (6.5c), we get the inequality for A as:
Differentiating (4.2c) with respect to r, we get 8πG c 2 dp r dr = 2c
where,
Thus it is found that extremum value of p r occurs at the centre i.e. Differentiating (4.3c) with respect to r, we get 8πG c 2 dp
Thus it is found that extrema of p t occurs at the centre i.e. 
Thus the extrema of ρ occur at the centre i.e.
Thus, the expression of right hand side of Eq. (6.12c) is negative for all values of A and ∆ 0 satisfying the condition (6.6c).Then density ρ is maximum at the centre and monotonically decreasing.
The square of adiabatic sound speed at the centre, 1 c 2 dp dρ r=0
, are given by 1 c 2 dp r dρ r=0 = 1 c 2 dp
The causality condition is less than 1 and positive at the centre for all values of constants for all values of A and ∆ 0 satisfying condition (6.6c).
Boundary conditions for evaluation of constants
A, D and c 0
The above system of equations is to be solved subject to the boundary condition that radial pressure p r = 0 at r = a (where, r = a is the outer boundary of the fluid sphere). It is clear that m(r = a) = M is a constant and, in fact, the interior metric (2.1) can be joined smoothly at the surface of spheres (r = a), to an exterior Schwarzschild metric whose mass is the same as in above i.e. m(r = a) = M (Masiner and Sharp [45] ). Then the interior metric of this fluid spheres should be joined smoothly with Schwarzschild exterior metric such as B 2 (a) = 1 − 2u, where u = M/a, where M is the mass of the fluid sphere as measured by the exterior field and a is the boundary of the sphere.
By joining (3.5a) and (3.5c) on the boundary of the anisotropic fluid spheres (r = a) and by setting φ a = c o a 2 and ψ anis (a) = 1 − 2u anis , we get the expressions of mass for n = −1 and −3 as: The arbitrary constant A in the expression (3.5a) and (3.5c) can be determined by using the radial pressure p r is zero at the boundary, the expressions of con-stant A for n = −1 and −3 are given as:
Also the arbitrary constants D in the metric potential for the case n = −1 and −3 can be computed by the condition B(a) = 1 − 2u anis , 
Tables for Numerical Values of physical quantities
In Tables 1-2 For physically acceptable model, one aspect that the velocity of sound should be within the range 0 ≤ v 2 a = (dp/c 2 dρ) ≤ 1 (Herrera [47] and Abreu et al. [48] ). In present models, the expression for velocity of sound at the centre is given by equations (6.13a), (6.14a) and (6.13c). We plot the radial and transverse velocity of sound in Fig. 3 and conclude that all parameters satisfy the inequalities 0 = v 2 ar = (dp r /c 2 dρ) ≤ 1 and 0 = v 2 at = (dp t /c 2 dρ) ≤ 1, everywhere inside the star models. From equations (6.13a), (6.14a) and (6.13c), we found that |v [46] proposed the cracking (also known as overturning) concept which states that the region, in which radial speed of the sound is greater than transverse speed of the sound, is a potentially stable region.
In our proposed models, the models are stable with the radius 16.0780 Km, ∆ 0 = 4.2395, c 0 a 2 = 0.0829 for n = −1 and radius 3.1274Km, ∆ 0 = 0.7094, c 0 a 2 = 0.0028 for n = −3.
Physical analysis and conclusions
In the present paper, the new set of anisotropic exact solution of Einstein's field equations we have presented by taking the metric potential g 44 = (1 − c 0 r 2 ) n for n = −1, −2 and −3 and specific choice of anisotropic factor ∆ which involves the anisotropic parameter ∆ 0 . The obtained solutions are utilized to contract the super dense star models with surface density 2×10 14 gm/cm 3 . It is observed that solutions are satisfying all reality and physical conditions (mention its in Section 5) for n = −1 and −3. But the solution is not compatible for n = −2 due to increasing nature of its density (Section 6, Case (b)). The anisotropic fluid sphere possesses the maximum mass and corresponding radius are 1.7609M Θ and 16.0780 Km for n = −1, c 0 a 2 = 0.0829, ∆ 0 = 4.2395 and 0.8672M Θ and 3.1274Km for n = −3, c 0 a 2 = 0.0028, ∆ 0 = 0.7094. The red shift for n = −1 and −3 are monotonically decreasing towards the pressure free interface r = a and found that the red shift at the centre (Z 0 ) and at surface (Z a ) are: (i) Z 0 = 0.2570 and Z a = 0.2151 for n = −1, (ii) Z 0 = 0.8597 and Z a = 0.8556 for n = −3 for both strong energy and dominated energy conditions. In our models, the red shift is also satisfied the upper bound limit for the realistic anisotropic star models (Ivanov [4] ) and its behavior is represented by the Fig. 5 . The Tables 1 and 2 shows the numerical values of physical parameters. Fig. 1 shows that the fluid spheres satisfies the strong energy condition. The behaviors of velocity and pressure density ratio are given by the Fig. 2 and 3 . Fig. 4 represents the increasing nature of anisotropy factor for the fluids spheres.
